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Abstract
We obtain a formula for the asymptotic behaviour of the Dirichlet heat kernel for large time
in terms of the survival probability of a Brownian motion, under the assumption that the latter
decays subexponentially for large time. We also obtain a lower bound for the Dirichlet heat
kernel for arbitrary open and connected sets in Euclidean space.
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1. Introduction
Let D be an open and connected set in Euclidean space Rm; and let
pD ðx; y; tÞ; xAD; yAD; t > 0 denote the Dirichlet heat kernel associated to the




t1log pD ðx; y; tÞ ¼ l1; ð1Þ
where
l1 ¼ inf specðDDÞ: ð2Þ
The convergence in (1) is uniform on compact subsets of D:
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Let ðBðsÞ; sX0; Px; xARmÞ be a Brownian motion associated to Dþ @@t; and let
TD be the ﬁrst exit time from D:
TD ¼ inffsX0: BðsÞARm\Dg: ð3Þ
A classical result is that the survival probability of Brownian motion in D satisﬁes
lim
t-N
t1 logPx½TD > t	 ¼ l1: ð4Þ
In Theorem 1, we establish a relation between the decay properties of pDðx; y; tÞ
and Px½TD > t	 for large time, under assumption that Px½TD > t	 decays
subexponentially.
Theorem 1. Let D be an open and connected set in Rm:
(i) Suppose there exist bAð0; 1	 and a function L : ð0;NÞ-ð0;NÞ slowly varying at
infinity, such that for xAD
lim
t-N
tbðLðtÞÞ1 logPx½TD > t	 ¼ 1: ð5Þ
Then for xAD; yAD
lim
t-N
tbðLðtÞÞ1 log pDðx; y; tÞ ¼ 21b: ð6Þ
(ii) Suppose there exists L : ð0;NÞ-ð0;NÞ slowly varying at infinity, such that
lim
t-N




ðLðtÞÞ1 logPx½TD > t	 ¼ 1: ð8Þ
Then for xAD; yAD
lim
t-N
ðLðtÞÞ1log pDðx; y; tÞ ¼ 2: ð9Þ
One easily recovers (1) from (4) by Theorem 1. However, the main motivation for
proving Theorem 1 came from some recent results for the survival probability of
Brownian motion in parabolic regions [1,7,8]. A typical example is the following.
Let 0oao1; A > 0 be constants, and let
Da ¼ fðx1; x0ÞARm : x1 > 0; jx0joAxa1g: ð10Þ
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aþ1 logPx½TDa > t	 ¼ ca; ð11Þ
where









 a  2aþ1
; ð12Þ
and where jðm3Þ=2 is the smallest positive zero of the Bessel function Jðm3Þ=2 if mX3;
and j1=2 ¼ p=2: Theorem 1 and (11) imply the following.





aþ1 log pDaðx; y; tÞ ¼ 2
2a
1þaca: ð13Þ
More general regions, where the constant A in (10) is replaced by a slowly varying
function at inﬁnity, have been considered in [8]. The corresponding asymptotic
behaviour of the Dirichlet heat kernel can be read-off from Theorem 1 and the
results in [8] with the appropriate choice of L:
Another instance where the asymptotic behaviour of the Dirichlet heat kernel for
large time is governed by the survival probability of two independent Brownian
motions, starting at x and at y; respectively, is when D is the complement of a
compact, non-polar set in Rm [5, Theorems 1.2 and 1.4]. However, the proofs (and
hypotheses) are very different from the ones in this paper.
Let D be an arbitrary open and connected set in Rm ðmX2Þ; and denote by
d : D-½0;NÞ the distance function
dðxÞ ¼ minfjy  xj : yA@Dg: ð14Þ
In the following, we give variational lower bounds for pDðx; x; tÞ and Px½TD > t	;
respectively.
Theorem 3. Let D be open and connected in Rm ðmX2Þ; and let u0;y; un be points in
D such that u0 ¼ x;
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where mm is the first Dirichlet eigenvalue on the ball with radius 1 in R
m;




m n2254 mmt=max1pipn dðuiÞ
2
: ð18Þ
Theorem 4. Let D be open and connected in Rm ðmX2Þ and let u0;y; un be points in







m n2254 mmt=max1pipn dðuiÞ
2
: ð20Þ
The bound in Theorem 4 has the following interpretation. The ‘‘best’’ strategy for
survival of Brownian motion starting at x is to visit part of D where the distance
function is large. This is reﬂected in the second term in the exponential in (20). The
decrease (cost) in probability of reaching this part is reﬂected in the ﬁrst term in the
exponential and in constraints (15) and (19), respectively.
For example if D ¼ Da is given by (10), and if x ¼ ðx1; 0;y; 0Þ; then the optimal
choice for u1;y; un and n is approximately given by
ui ¼ x þ ðci1=ð1aÞ; 0;y; 0Þ ð21Þ
and
n ¼ ½t1a1þa	; ð22Þ
where ½ 	 denotes the integer part. The ui satisfy (15), (16) and (19) for all c sufﬁciently
small. The bounds in (18) and in (20) give the correct subexponential power of t (but
of course not the sharp constant) as in Corollary 2 and (11).
In general, one cannot expect good upper bounds for the heat kernel in
terms of the distance function only. For example if D is the complement of a
countable set of points in Rm ðmX2Þ then the distance function is non-trivial, but
e.g. Px½TD > t	 ¼ 1 for all xAD; since Rm\D is polar. However, in the special case
where D is ‘‘increasing horn-shaped’’ we have accurate upper bounds. This class
includes all the regions considered in [7,8] but does not require an ðm  1Þ-
dimensional ball as cross-section. Moreover, the bound holds for arbitrary
increasing functions f :
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Theorem 5. Let O be an open set in Rm1; star shaped with respect to 0. Suppose that
the spectrum of the ðm  1Þ-dimensional Dirichlet Laplacian DO is discrete:
l1ðOÞol2ðOÞpl3ðOÞp? : Let f : ½0;NÞ-½0;NÞ be increasing, and let











Then for xADðO; f Þ; yADðO; f Þ
lim sup
t-N
pDðO;f Þðx; y; tÞ
KðtÞ p1: ð25Þ
In the special case where f ðxÞ ¼ xa and 0oao1 we recover the correct
subexponential power of t as in Corollary 2. We note that the integrand is
decreasing in t provided, f increases sublinearly. This jibes with the fact that the
Dirichlet heat kernel for a cone decays as a power of t; where the power depends on
the bottom of the spectrum of the Dirichlet Laplace Beltrami operator on the base of
the cone in Sm1 [2].
The remainder of this paper is organized as follows. In Section 2 we prove
Theorem 1. In Sections 3 and 4 we prove Theorems 3, 4 and 5, respectively.
2. Proof of Theorem 1
We ﬁrst prove an upper bound for Dirichlet heat kernel. Let 0oeo1 be arbitrary.
Then by semigroup property and domain monotonicity of the Dirichlet heat kernel
we have that
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Assume that Px½TD > t	 satisﬁes either (5) or (7), (8) with bAð0; 1	 or b ¼ 0;
respectively. Then by (26)
lim sup
t-N
tbðLðtÞÞ1log pDðx; y; tÞ
p lim sup
t-N
tbðLðtÞÞ1logPx½TD > tð1 eÞ=2	
þ lim sup
t-N
tbðLðtÞÞ1logPy½TD > tð1 eÞ=2	
















¼ 21bð1 eÞb; ð27Þ




tbðLðtÞÞ1log pDðx; y; tÞp 21b: ð28Þ
To obtain a lower bound we ﬁrst consider the case x ¼ y: Let 0oeo1 be arbitrary.
Then by Ho¨lder’s inequality, domain monotonicity of the Dirichlet heat kernel, and
the semigroup property we have that
Px½TD > t	 ¼
Z
D




ðpDðx; z; tÞÞ2 dz
 e=2 Z
D
ðpDðx; z; tÞÞ2ð1eÞ=ð2eÞ dz
 ð2eÞ=2
p ðpDðx; x; 2tÞÞe=2
Z
D
ðpRmðx; z; tÞÞ2ð1eÞ=ð2eÞ dz
 ð2eÞ=2
p ðpDðx; x; 2tÞÞe=2
Z
Rm
ðpRmðx; z; tÞÞ2ð1eÞ=ð2eÞ dz
 ð2eÞ=2





pDðx; x; tÞXð2ptÞm=2 2ð1 eÞ
2 e
 mð2eÞ=ð2eÞ
ðPx½TD > t=2	Þ2=e: ð30Þ
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To obtain an off-diagonal lower bound for the Dirichlet heat kernel we need lower
bounds for x and y far apart (the Gaussian lower bound in Lemma 6) and for x and
y nearby (the parabolic Harnack inequality in Lemma 7).
For any open set D in Rm and e > 0 we deﬁne
De ¼ fxAD : dðxÞ > eg: ð31Þ
For x; yADe we deﬁne deðx; yÞ as the inﬁmum of length of rectiﬁable paths in De with
end points x and y: If there is no such path in De we deﬁne deðx; yÞ ¼ þN:
Lemma 6. Let D be open in Rm: Then for xAD; yAD; t > 0 and e > 0
pDðx; y; tÞXedeðx;yÞ
2=ð4tÞpBeð0; 0; tÞ; ð32Þ
where
Be ¼ fz : jzjoeg: ð33Þ
For the proof of Lemma 6 we refer to [3,4].
Lemma 7. Let D be open in Rm and let K be a compact set in D: Then there exists a
constant CðKÞ such that for any d1pminfdðuÞ : uAKg=2; for any points z; z0; z00 in K
satisfying jz  z0jod1; jz0  z00jod1 and for any t > d21
pDðz; z0; tÞpCðKÞpDðz0; z0; t þ d21ÞpCðKÞ3pDðz; z00; t þ 3d21Þ: ð34Þ
For the proof of Lemma 7 we refer to [5, p. 306] or [6, p. 372] or [9].
To obtain a lower bound for pDðx; y; tÞ we note that since D is open and connected
in Rm; D is path connected in Rm: Hence for xAD; yAD there exists a smooth path
g : ½0; 1	-D with gð0Þ ¼ x; gð1Þ ¼ y: Since g is continuous and ½0; 1	 is compact we
have that g½0; 1	 is a compact subset of D: Since the boundary @D of D is closed and
disjoint from g½0; 1	 we have that









pDðx; z; tð1 ZÞÞ pDðz; y; ZtÞ dz; ð36Þ
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where
Bðx; d=3Þ ¼ fzARm : jz  xjpd=3g: ð37Þ
Since g is smooth and g½0; 1	 is compact, g has ﬁnite length Lðg). Hence for any
zABðx; d=3Þ there exists a smooth path g0 from z to y with length at most LðgÞ þ d=3:
By Lemma 6 we have for zABðx; d=3Þ
pDðz; y; ZtÞXeðLðgÞþd=3Þ
2=ð4ZtÞ:pB2d=3ð0; 0; ZtÞ: ð38Þ





pDðx; z; t  d2Þ dz: ð39Þ
We now use Lemma 7 to obtain a lower bound for the integral in (39).
We choose K ¼ Bðx; d=3Þ; d1 ¼ d=3; z0 ¼ z00 ¼ x: Hence for zABðx; d=3Þ and
t > 13d2=9




pDðx; z; t  d2Þ dzXCðKÞ2omðd=3ÞmpDðx; x; t  11d2=9Þ; ð41Þ
where om is the volume of the ball with radius 1 in Rm: Hence for tX13d
2=9 we
obtain by (30), (39) and (41)
pDðx; y; tÞ
XCðKÞ2omðd=3ÞmeðLðgÞþd=3Þ
2=ð4d2ÞpB2d=3ð0; 0; d2ÞpDðx; x; t  11d2=9Þ
XCðKÞ2omðd=3ÞmeðLðgÞþd=3Þ
2=ð4d2ÞpB2d=3ð0; 0; d2Þ
 ð2pðt  11d2=9ÞÞm=2 2ð1 eÞ
2 e
 mð2eÞ=ð2eÞ
 ðPx½TD > t=2 11d2=18	Þ2=e: ð42Þ
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Suppose Px½TD > t	 satisﬁes either (5) or (7), (8) with bAð0; 1	 or b ¼ 0
respectively. Then by (42)
lim inf
t-N
tbðLðtÞÞ1log pDðx; y; tÞ
X2e1 lim inf
t-N
tbðLðtÞÞ1logPx½TD > t=2 11d2=18	
¼ e121b lim inf
t-N
tbðLðtÞÞ1logPx½TD > t	 ¼ e121b; ð43Þ
since L is slowly varying at inﬁnity. Finally letting e-1 we obtain
lim inf
t-N
tbðLðtÞÞ1log pDðx; y; tÞX 21b: ð44Þ
This completes the proof of Theorem 1. &
3. Proofs of Theorems 3 and 4
We ﬁrst prove a lower bound for pBeð0; 0; tÞ: Let fe denote the ﬁrst (positive)
eigenfunction of DBe with jjfejj2 ¼ 1: Then
DBefe ¼ e2mmfe: ð45Þ
Since fe radially symmetric and decreasing we have that
jjfejj2N ¼ jfeð0Þj2 ¼ emjf1ð0Þj2Xo1m em: ð46Þ
Hence by the L2-eigenfunction expansion of pBeð0; 0; tÞ
pBeð0; 0; tÞXo1m ememmt=e
2
: ð47Þ
To prove Theorem 3 for an open connected set in Rm ðmX2Þ we let u0 ¼ u2n ¼ x;









pDðui1 þ di1; ui þ di; ti  ti1Þ; ð48Þ
where
0 ¼ t0ot1o?ot2n1ot2n ¼ t;
d0 ¼ d2n ¼ 0: ð49Þ
We now choose
unþi ¼ uni; tnþi ¼ t  tni; i ¼ 0;y; n; ð50Þ
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and restrict the ð2n  1Þ-fold integral in (48) to the set
jdijp15 dðuiÞ; i ¼ 1;y; 2n  1: ð51Þ
Suppose u0;y; un satisfy the hypotheses in Theorem 3. Then
dðuiÞpdðui1Þ þ jui  ui1jp32 dðui1Þ; i ¼ 1;y; n;
dðuiÞpdðuiþ1Þ þ juiþ1  uijp32 dðuiþ1Þ; i ¼ n;y; 2n  1: ð52Þ
Hence
jdijp 310 dðui1Þ; i ¼ 1;y; n;
jdijp 310 dðuiþ1Þ; i ¼ n þ 1;y; 2n  1: ð53Þ
By (51)–(53)
jui þ di  ui1  di1j2p ðjui  ui1j þ jdi1j þ jdijÞ2
p dðui1Þ2; i ¼ 1;y; n;
juiþ1 þ diþ1  ui  dij2p ðjuiþ1  uij þ jdij þ jdiþ1jÞ2
p dðuiþ1Þ2; i ¼ n;y; 2n  1: ð54Þ
Since the open ball with center ui and radius dðuiÞ is contained in D we have by the
domain monotonicity of the Dirichlet heat kernel that
pDðui1 þ di1; ui þ di; ti  ti1Þ
XpBðui1;dðui1ÞÞðui1 þ di1; ui þ di; ti  ti1Þ; i ¼ 1;y; n;
pDðuiþ1 þ diþ1; ui þ di; tiþ1  tiÞ
XpBðuiþ1;dðuiþ1ÞÞðuiþ1 þ diþ1; ui þ di; tiþ1  tiÞ; i ¼ n;y; 2n  1: ð55Þ
The distance from the closed line segment ½ui1 þ di1; ui þ di	 to @Bðui1; dðui1ÞÞ is
bounded from below by
minfdðui1Þ  jdi1j; dðui1Þ  jui  ui1j  jdijg
X1
5
dðui1Þ; i ¼ 1;y; n: ð56Þ
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Similarly, the distance from the closed line segment ½uiþ1 þ diþ1; ui þ di	 to
@Bðuiþ1; dðuiþ1ÞÞ is bounded from below by
minfdðuiþ1Þ  jdiþ1j; dðuiþ1Þ  juiþ1  uij  jdijg
X1
5
dðuiþ1Þ; i ¼ n;y; 2n  1: ð57Þ
We now apply Lemma 6 with D the open ball B ðui1; dðui1ÞÞ or Bðuiþ1; dðuiþ1ÞÞ;
respectively. By (55)–(57) and (47)
pDðui1 þ di1; ui þ di; ti  ti1Þ
Xedðui1Þ
2=ð4ðtiti1ÞÞ25mmðtiti1Þ=dðui1Þ2
 o1m ð15 dðui1ÞÞm; i ¼ 1;y; n; ð58Þ
pDðuiþ1 þ diþ1; ui þ di; tiþ1  tiÞ
Xedðuiþ1Þ
2=ð4ðtiþ1tiÞÞ25mmðtiþ1tiÞ=dðuiþ1Þ2
 o1m ð15 dðuiþ1ÞÞm; i ¼ n;y; 2n  1: ð59Þ
By (58) and (59) we can bound the integrand in (48) from below, independently of
d1;y; d2n1: Performing the ð2n  1Þ-fold integral and exploiting the symmetrical









It remains to make a choice for ti  ti1; i ¼ 1;y; n subject to the constraints
in (49) and (50). Let i0Af1;y; ng be such that dðui01Þ ¼ max1pipn dðui1Þ: We
choose
ti  ti1 ¼ 110 m1=2m dðui1Þ2; iAf1;y; ng\fi0g: ð61Þ
The choice
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guarantees that the constraints in (49) and (50) have been met. Note that the latter

















m n25mmt=max1pipn dðui1Þ2 : ð63Þ
Since
dðunÞpdðun1Þ þ jun  un1jp32 dðun1Þ; ð64Þ
we have that
maxfdðu0Þ;y; dðun1ÞgX23 maxfdðu0Þ;y; dðunÞg: ð65Þ















pDðx; x; tÞXo1m 5mdðxÞmemn log 210m
1=2
m n2254 mmt=max1pipn dðuiÞ
2
: ð69Þ
By inequality (5) in [10, p. 486] we check that for m ¼ 3; 4;y
m log 2p2jm
2
1 ¼ 2m1=2m ; ð70Þ
while the above inequality follows directly for m ¼ 2 by the numerical estimate for j0
in [10, p. 670]. Finally o1m 5
m > 1: This completes the proof of Theorem 3. &
To prove Theorem 4 we note that







pDðui1 þ di1; ui þ di; ti  ti1Þ; ð71Þ
with u0 ¼ x and
0 ¼ t0ot1o?otn1otn ¼ t: ð72Þ
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We restrict the n-fold integral in (71) to the set
jdijp15 dðuiÞ; i ¼ 1;y; n: ð73Þ
By (58) we can bound the integrand in (70) from below, independently of d1;y; dn:









We now choose i0 and ti  ti1 as in (61), and







Then all the constraints in (72) have been met. The latter choice is possible by (19).
The remainder of the proof follows the steps from (65) to (70). This completes the
proof of Theorem 4. &
4. Proof of Theorem 5
It sufﬁces, by Cauchy–Schwarz’s inequality, to prove Theorem 5 for y ¼ x: We
need the following two upper bounds.
Lemma 8. Let O be an open and connected set in Rm; and suppose that the spectrum of
DO is discrete. Then for xAO; t > 0
pOðx; x; tÞpð2ptÞm=2etl1ðOÞ=2: ð76Þ
Proof. Let l1ðOÞol2ðOÞp? denote the spectrum of DO and let ff1;f2;yg be a
corresponding orthonormal set of eigenfunctions. Then







p etl1ðOÞ=2pOðx; x; t=2Þpð2ptÞm=2etl1ðOÞ=2: & ð77Þ
Lemma 9. Suppose O and f satisfy the hypotheses in Theorem 5. Then







2=tpf ðx1þxÞOðx0; x0; tÞ: ð78Þ
Proof. We write the Brownian bridge BðsÞ; 0pspt with Bð0Þ ¼ BðtÞ ¼ x as the
Cartesian product of a one-dimensional Brownian bridge B1ðsÞ; 0pspt with
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B1ð0Þ ¼ B1ðtÞ ¼ x1 and an ðm  1Þ-dimensional bridge B0ðsÞ; 0pspt with B0ð0Þ ¼
B0ðtÞ ¼ x0: Then
pDðO;f Þðx; x; tÞ






B1ðsÞAdxjB1ð0Þ ¼ B1ðtÞ ¼ x1
 








2=tpf ðx1þxÞOðx0; x0; tÞ ð79Þ
by the independence of B1 and B
0: This proves Lemma 9. &
To prove Theorem 5 we apply Lemma 8 to the ðm  1Þ-dimensional heat kernel
pf ðx1þxÞOðx0; x0; tÞ: By Lemma 9





















=tKðtÞ: This completes the proof of Theorem 5. &
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